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Action principles of the BF type for diffeomorphism invariant topological field theories living 
in n-dimensional spacetime manifolds are presented. Their construction is inspired by Cuesta and 
Montesinos' recent paper where Cartan's first and second structure equations together with first and 
second Bianchi identities are treated as the equations of motion for a field theory. In opposition to 
that paper, the current approach involves also auxiliary fields and holds for arbitrary n-dimensional 
spacetimes. Dirac's canonical analysis for the actions is detailedly carried out in the generic case and 
, it is shown that these action principles define topological field theories, as mentioned. The current 

^ ■ formalism is a generic framework to construct geometric theories with local degrees of freedom 

| by introducing additional constraints on the various fields involved that destroy the topological 

character of the original theory. The latter idea is implemented in two-dimensional spacetimes 
where gravity coupled to matter fields is constructed out, which has indeed local excitations. 
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I. INTRODUCTION 

cr. 



There is a renewed interest in the study of BF theory and general relativity written as a constrained BF theory 
motivated by the progress of the spin foam [l[ and loop quantum gravity [2[ approaches to the nonperturbative 
and background-independent quantization of gravity. On one hand, the topological nature and the diffeomorphism 
invariance of BF theory makes it a suitable laboratory to test technical as well as conceptual issues related with 
classical and quantum gravity. On the other, there are still several issues connecting pure BF theory and BF gravity 
that deserve to be explored deeply. 

In this context, it was recently proposed in Ref. @ that Cartan's first and second structure equations together 
with first and second Bianchi identities can be interpreted as equations of motion for the tetrad, the connection, and 



a set of two- form fields T 1 and R 1 j. It was shown that these equations define a topological field theory, which can be 
obtained from an action principle of the BF type. Moreover, four-dimensional general relativity was obtained there by 
doing a suitable modification of the original action principle that destroyed its topological character and at the same 
time allowed the degrees of freedom for gravity to arise. In this way, the results and the philosophy of the paper is 
that Cartan's equations encode a topological field theory and that the topological property of the theory disappears 
• i-h , once Einstein's equations are brought into the framework. 

With this in mind, it is natural to ask if the theoretical framework developed in Ref. @ can be naturally extended 
to arbitrary finite-dimensional spacetimes. The answer is in the affirmative, this being one of the two main results 
reported in this paper. In fact, inspired by those results, Cartan's equations are supplemented with auxiliary fields (j>i, 
4>Ui ''I'll an d ipu m such a way that the largest set of equations of motion define diffeomorphism invariant topological 
field theories. The new theories living on n-dimensional spacetime manifolds contain pure BF theory having SO(m) 
or SO(m — 1, 1) structure groups as particular cases. It is important to emphasize that the auxiliary fields oVs and 
ip's are not involved in the framework this is a major difference between these approaches. 

Following the viewpoint of Ref. 0] , it is also natural to ask whether or not it is also possible to relate the topological 
theories mentioned in the previous paragraph to known or new geometric theories having a nonvanishing number of 
local excitations by means of the introduction of geometric or algebraic relationships among the field variables involved. 
Once again the answer is in the affirmative, and the idea is explicitly implemented by building up a model with local 
degrees of freedom in two-dimensional spacetimes starting from a topological field theory. This is the second result 
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of this paper. It is very interesting conceptually because it opens the possibility of applying the same idea in n- 
dimensional spacetimcs to try to get new formulations for gravity or to build suitable modifications of it that might 
be also worthwhile and interesting enough. 

This paper is organized as follows: action principles for diffcomorphism invariant field theories living in n- 
dimensional spacetime manifolds are given in Sec. UH their canonical analyses are carried out and it is explicitly 
shown that the theories are topological; the two-dimensional and three-dimensional cases are reported in the Appen- 
dices [5] and [5] respectively. In Sec. MI Al it is shown that by imposing suitable restrictions on the fields it is possible 
to build additional topological field theories from the original action principles, and in Sec. IIIIBl it is shown that the 
theories introduced in Sees. HT1 and Ull Al are just particular members of the largest class of diffeomorphism invariant 
topological field theories whose gauge group need not be the orthogonal group of the vielbeins. Finally, in Sec. HVl 
using the results of the previous sections, a theory with local degrees of freedom which lives on two-dimensional space- 
times and resembles two-dimensional gravity plus matter fields is constructed out. This model can also be written as 
two interacting BF theories. The conclusions and perspectives are collected in Sec. [Vj 



II. ACTION PRINCIPLES OF THE BF TYPE 



In the first part of this paper topological field theories of the BF type will be studied. The main goal is to build 
an action that reproduces as field equations in n dimensions Cartan's first and second structure equations. To that 
end, four different types of auxiliary fields are introduced. The first one 4>i is a (n — 2)-form that will be associated 
to the basis of vielbeins e 1 ; the second one 4>u — is also a (n — 2)-form that will be associated to the Lorentz 

connection ui IJ . The other two auxiliary fields ipi an d ipu = —ipJi are ( n ~ 3)-forms that will be associated to 
the "torsion" T 1 and the "curvature" R IJ , respectively. Note that R 1 j is not the same as R 1 ju>]: R IJ is a set of 
two- forms while R 1 j[uj] is the curvature of ui 1 j (an analog comment applies to T 1 , see Ref. Q for more details). 
In this way, for n-dimensional spacetimes M n with n > 3, the field theories studied in this paper are defined by the 
action principle 

S[u/ j, e 1 , T 1 , R 1 j, cpj, (f>u, V/, V/j] = / [4>X A {de 1 + u 1 j A e J - T 1 ) + faj A (dw IJ + lu 1 K A u KJ - R IJ ) 

+ipi A (dT 1 + J j A T J - R 1 j A e J ) 

A (dR IJ + ui 1 k A R KJ + ui J k A R IK )} , (1) 

where uj ij — —lq' u is a Lorentz (or Euclidean) connection valued in the so(n — 1,1) or so(n) Lie algebra, e 1 is a 
basis of one-forms, T 1 is a set of n two-forms, R IJ — —R JI is a set of n(n — I)/2 two-forms. The indices I, J,K, . . . , 
are raised and lowered with the Minkowski (a = —I) or Euclidean (a = +1) metric (r/u) = diag(cr, +1, +1, . . . , +1) 
(see Ref. [ij for the canonical analysis of BF theory with structure group 50(3,1), Refs. for alternative action 

principles for SO(3, 1) BF theory, and Ref. 0] for the study of its symmetries). 

The equations of motion that follow from the variation of the action {T]) with respect to the independent fields are 

(50/ : de 1 + lu 1 j A e J - T 1 = 0, 



'i.j 



duj IJ +L0 1 K A uj kj - R IJ = 0, 



: dT 1 + uj 1 j A T' J — R 1 ,; A e J = 0, 
Stpu : dR IJ +U 1 K A R KJ + lu j k A R IK = 0, 
ST 1 : 0/ + (-1)™- 3 L>V/ = 0, 

6R IJ : (j> u + {-l) n - 3 D^ u + i (tpj Aej — ipj A e z ) = 0, 

5oj ij : (-ir^DcPu + I fa A ej - fa A e 7 ) - i (^ A Tj - A T x ) - (ipi K A Rj K — ^jk A Ri K ) = 0, 
Se 1 : {-l^Dfa +jPj AR J j = 0, (2) 

where D is the covariant derivative computed with respect to the connection lu 1 j. 

In two-dimensional spacetimes Ai 2 , on the other hand, only Cartan's first and second structure equations are 
allowed because there is no room for the first and second Bianchi identities, i.e., the terms involving the ^'s in Eq. 
(fTj) are not allowed. Consequently, the natural action principle is given by 

SIlo 1 j^^T^R 1 jAiAu] = I [faide 1 +UJ 1 jAe J -T 1 ) +4> IJ (du J IJ +tu I K Au J KJ -R IJ )] , (3) 

J M 2 
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with the corresponding interpretation for the fields involved: uj 1 j is an so(2) or an so(l, 1) connection one-form, <f>i 
and (j>u are two and one 0-forms, respectively, etc. Note that connection lo 1 j involved in the action principles ([T]) 
and Q is not flat, its curvature is equal to the two- form field R IJ as it follows from the variation of the actions ([1]) 
and with respect to <j)jj. 

In order to count the number of degrees of freedom, the canonical analyses of the theories (QJ and ([3]) are performed. 



Let {x^) = {x°,x a ) = (x ^ 1 , 



) be local coordinates on M. n , which is assumed to be of the form A4 n = S x ] 



the coordinate time x° labels the points along R and the space coordinates x a label the points on S, which is 
assumed to have the topology of iS™ -1 . The canonical analyses of the field theories on M 2 and Ai 3 are explicitly 
carried out in the Appendices O and [B] respectively. Even though the case on M 2 is relevant because it does not 
involve the fields ipi and ipu, it is much more interesting to see the changes in the canonical analysis in the chain 
Ai 2 — ► Ai 3 — ► Ai 4 — ► Ai 5 — ► • • •. As will be clear in the lines below, the canonical analyses of the theory 
for n > 5 are very similar to the structure in n = 4, with minor changes. However, the Hamiltonian descriptions 
in n = 2 and in n — 3 are very different from the cases n > 4, that is why theses cases are explicitly reported in 
the Appendices. Moreover, the two-dimensional case will be very useful to introduce local degrees of freedom (see 
Sec. HVjl . Thus, the canonical analysis for the action JT]) on Ai 4 and higher-dimensional spacetimes is given in what 
follows. The Hamiltonian form of the action (Q} is obtained through Dirac's method [8( 



S = 
H = 



_a • I i _a • IJ 
7T je a + 7T IJUJ , 



n ah /T J ab + n ab uR IJ , 



H 



X J gi + X IJ G U + A 1 a d a j + A IJ a D a u 
+ UI ah & ab + u u ab 1 IJ ab + VI Qbc C / abc + vu ahc 1 IJ abc , (4) 

where TC is the extended Hamiltonian Q. From this expression it follows that the canonical pairs are: (e 1 a ,n b j), 
(uj ij a,ir b kl), {T 1 ab ,H cd j), and (R IJ a b, n cd kl), which coordinate the extended phase space. The expressions for 
the momenta in terms of the original Lagrangian variables are 

1 



7r / := 



7T IJ ■ = 



U ab i 



_0afci...f>„_ 2 



(n-2)! 
1 

(n-2)! { 

in— 3 



X)abi...br>,-2 , 



i(-iy 



n 1 



ab 



IJ 



2 (n- 3)! 

1 (-1)™- 3 



„0afcci . 



>Ib x 



5/Jfei...&„_ 2 ) 



.Oafcci 



2 (n- 3)! 

while the ones for the Lagrange multipliers are: X 1 = —e 1 o, 

1 1 



IJ ci 



(5) 



A — —LO o, 



A I a = T I 0a , A IJ a = R 



ij 



On 



and 



Ul 



ab 



„0a6ci...c T1 ._3 



UIJ 



ab 



'7 



abc 



2(n- 3)! 
1 1 

'2(n-3)! £ 
i^Oabc^ io 



4>I Oci. 



,0abci...c n -3 



l /J0c 1 ...c„_ 3 , 



if n = 4, 



VIJ 



abc 



2 (n-4)! c 

1 r~0abc n l. :f 
~2 £ VlJO !I 
I 1 pOabcdi ...d 

2 (n-4)! fc 



V'/0di...d„_ 1 
n = 4, 

T ~ 4 ' l PlJ0d 1 ...d n 



if n > 5, 



if n > 5, 



(6) 



which impose the constraints 

ib 



fji 
Gu 

d a i 
D a u 

C 1 ab 
l U ab 
C abc 

7 /J abc 



0. 



:= V a Ti a i - n a jR J Iab 
:= V a n a u + l (7r a ieja - ir a je Ia ) + i 



7T / - 
7T /J 

P e i 6 - 

d a 0J IJ b 
R 1 J[ab& 

V [a R u 



2 

2V b U ab i k 

- 2v b n ab u 

- Vbe 1 a - 

i - d b UJ U a 

^[aT 1 bc 
be] ~ 0, 



;n ab /Tjafc - n° b jTlab) 



n ab Jifi?,/ ^ ah 



K 



o, 

+ n a 

ab 



' iejb - U ab je Ib « 0, 
«0, 



, , 7 , , KJ 

0J KaU b 



, , 7 , , KJ 
■ 0J KbU 



r>IJ 
ti ab 



(7) 
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where T> is the covariant derivative compute with respect to lo 1 j a . 

A straightforward computation shows that the evolution of the constraints (J7J gives no additional ones. The 
constraints are smeared with test fields 

9(a) = J a'gj, G(U) = J U IJ Gu, d(b) = J b aI d aI , D(V) = J V aIJ D aIJ , 

/(c) = / c Iab C Iab , h(d)= ( d IJab 1IJab , k(f) = [ f Iabc C labc , 1(g) = f g IJabc jij ab c, (8) 



to compute their Poisson algebra 



{D(V),g(a)} = 


= d(V-a), 


(V-a) aK = 


-- V aKL a L ; 




{G(U),g(a)} -- 


-- 9(U-a), 


(U-a) K = 


U KL a L \ 




{G(U),d(b)} = 


= d(U ■ b), 


(U ■ b) aJ = 


UjKbaK', 




{G(U),D(V)\ = 


= ^([U, v \)i 


[U,V} aK j = U K L V aL j 


- Uj L V aLK ; 


{G(tfi), G(U 2 )} -- 


= G([U U U2\), 


[Ui,U 2 ] 


IK — U\i L U2LK — U\K L U2LI 


{.9(a), f(c)} -- 


= h(c-a), 


(c ■ a) IJab = 


: -^(ciabaj — cj ab ai); 


{G(U),f(c)} - 


-- W-c), 


(U ■ c) Jab = 


TT K 
-U.J CKab, 




{G(U),h(d)} -- 


= h([U,d]), 


[U 1 d] JLab - 


— Uj dxLab - 


- Ul K dxjab] 


{9(a),k(f)} -- 


-- *([<*> /])> 


[ a i f]l.Jabc - 


= 2 i a lfjabc - 


djflabch 


{G(U),k(f)} -- 


-- k(U-f), 


(U ■ f)jabc 


= U,J K fKabc, 




{G(U),l(g)} = 


= i(\u,g\), 


[U, g]jLabc 


TT K 

= Uj gKLabc 


TT K 

— Ul gKJabc', 


{D(V),k(f)} - 


-- f(v-f), 


(V ■ fild : 


— VbI J f,Jbcd\ 




{1(9), D(V)} - 


-- K[V,g}), 


[V,g]iLcd -- 


- VbI K gKLbcd 


— V b L K gKIbcd', 


{*(/), = 


= H[b,f}), 


[b, f]lJcd = 


1 -j[b b lf,]bcd - 


b b jflhcd], 



(9) 

and the Poisson brackets that are not listed vanish strongly. Therefore, all the constraints in Eq. ([7]) are first-class. 
If a naive counting of the number of local degrees of freedom were made without taking into account the reducibility 
of the constraints ([7]), the outcome would be a negative number. In fact, as it is explained below, the reducibility 
pattern for the constraints ([7]) is essentially the same as the one for the reducible constraints for pure BF theory in 
n-dimensional spacetimes. Therefore, before making the analysis of the reducibility of the first-class constraints for the 
current theory, it will be convenient to recall the corresponding analysis for pure BF theory living on n-dimensional 
spacetimes A4 n for n > 4 [l(|. In that case, the reducible first-class constraints are 

e o« l « a -«n-s«,- a ^- 1J? i an _ aaw _ i ( yl ) fa0j i = i,... ) dim( fl ) ) (10) 

where (\F l ab (A)dx a A dx b ) ® Ji is the curvature of the connection one-form (A 1 a dx a ) ® Ji, Ji are the generators 
of the Lie algebra and satisfy [Ji,Jj] = cr ijJk- Nevertheless, the constraints (10) are not independent among 
themselves because the following chain of equations 

e 0o 1 o 2 ...a„-3o„- 2 o»-i F i ara _ 2ati _ i ( A ) ra 0j 

I 

0aiO 2 ...a„_3O„„2(i„_i Y7 pi / a \ _ n 

I 

I 

e 0aia2 - a - 3a "~ 2a - 1 V ai ---S7 an _ 3 F\ n _ 2an _ 1 (A) = 0, (11) 

can be obtained from them through the application of the internal covariant derivative V a or, equivalently, renaming 
last expressions 

-» 1 a 2 ...a„_ 3 ^ 



5 



I 
I 



I 

V ai ••■V a „_ 3 iaiQ2 - Q "- 3 = 0, (12) 

which are totally antisymmetric in the free indices. With the help of the diagram (|12p . the counting of the number of 
local degrees of freedom for pure BF theory is straightforward. The key point to do that is to realize that the equations 
in the first row in Eq. (|12j) correspond to the first-class constraints, the equations in the second row correspond to 
reducibility equations for the equations in the first row, however, these reducibility equations are also not independent 
among themselves, they are linked by the equations in the third row, and the equations in the third row are also not 
independent among themselves because they are linked by the ones in the fourth row, and so on until reaching the 
last row. Therefore, the number of independent first-class constraints in Eq. (|10|) is equal to the number of equations 
in the first row in Eq. (|12|) minus the number of equations in the second row plus the number of equations in the 
third row minus the number of equations in the fourth row plus ... , etc., alternating the sign in the terms of the series 
until counting the number of equations in the last row with its corresponding sign. The result is that the number of 
independent first-class constraints in Eq. (fTQ| is (n— 2) x dim(g) which must be added to dim(g) equations contained 
in the Gauss law. Consequently, the total number of independent first-class constraints is (n — 1) x dim(g) so that the 
number of local degrees of freedom in the configuration space is I {2 [(n — 1) X dim(g)] — 2 [(n — 1) X dim(g)]} = 0, 
which means that the theory is topological. So much for pure BF theory. 

Coming back to the theory studied in this paper, here it is also required to know the number of independent first- 
class constraints in Eq. (JT]). This number can be obtained by first noting that the number of independent first-class 
constraints in gi, Gu, d a /, and D a jj is simply equal to the number of these constraints minus their number of 
reducibility equations N(gj) + N(Gjj), 

N( 9I ) + N(Gu) + N(d a T ) + N(D a u ) - N( 9l ) - N(G U ) = N(d a T ) + N(D a u ), (13) 

where N(gi) denotes the number of equations in gj and so on; the reducibility equations among gj, Gu, d a /, and 
D a j j are obtained by applying the operator V a to the constraints d a j and D a jj. What remains is to know the 
number of independent first-class constraints among the remaining ones 

C" a6 «0, t'j^O, C' a6c «0, j'j^nO, (14) 

which are equivalent to 

Oai...o„_ 2 o„-i sll ~ ft ,-0ai...On-2a„_i-J n 

t a„_ 2 a„_i ~ U, o 7 J an _ 2an _ 1 ~ U, 

0oi...o„_ 3 ii„_2a„_i ( ^/ ^ r> 0oi...a„_3a„_2a„_i.,I 

£ l> a„_ 3 a„_ 2 a„_i ~ U, £ 7 J a „_ 3 a„_ 2 a„_ 1 ~ U ' l i0 i 

or, renaming (| 1 5[) 

$' ai -°"- 3 « 0, $V 1 " an " 3 » 0, * j0l - an - 4 « 0, yi j ai " a "-* „ , (16) 

which are totally antisymmetric in the free indices. The constraints (|1€>[) behave as constraints (fTU|) do for BF theory, 
i.e., repeatedly applying the operator T> a to Eqs. (|16[) . a chain of reducibility equations arises 



$J oi...a„-3 _ Q) $Jj Oi...a„- 3 _ Q) ^joi...o n _4 _ ^ ^ / ^a 1 ...a„_ 4 _ ^ 
$J Oi...o„_4 = Q ' $Jj Ox...o„_4 = ^ $ jai...o n _ 5 _ ^ ^ai...a„_ 5 = ^ 



4> 



J«l •••«»»— 3— k 



s = 0, $ 



j ai...a„_ 3 _ fc 



; = 0, * 



jai ...a„_ 4 _ fc 



= 0, * 



j ai...a„_ 4 _ fc 



; =0, 



$ /ai = 0, 
<P T = 0, 



$V ia2 =o, 
^V 1 = o, 
&j = o. 



* /Ql = 0, 

* 7 = 0, 



* J j ai = o, 
= o, 
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By using this chain, it is possible to make the counting of independent first-class constraints in Eq. (| 14|) by adding 
(with the corresponding sign) the numbers contained in each row of the following diagram 



(+)° 


jv^ 01 -""- 3 ), 


Am!-'./" " '1. 




- Q "- 4 ), iv(* 7 j Ql - a "- 4 ), 




7V($ /Q1 - a - 4 ), 








(-) k 


N(& ai - an - 3 - k ) 


, Ar(^/ 1 -°"- 3 - fe ) 


, N(V iai - 






N($ iaia2 ), 




N(V iai ) 




( _)„-4 


7V($ /Q1 ), 




N& 1 ), 




( _ )n -3 


7V($ 7 ), 


JV(#'j). 







Taking into account the signs, it is clear that the third and fourth numbers of the first row are canceled by the first 
and second numbers of the second row, the third and fourth numbers of the second row are canceled by the first 
and second terms of the third row, etc.; in such a way that the two numbers of the last row are canceled by the 
third and fourth terms of the penultimate row. Therefore, the number of independent first-class constraints in the 
set (fJJ]| is simply jV($ /ai -°"- 3 ) + N(& j ai - an ~ 3 ) = 7V(C 7 ab ) + N^ 1 Jab ), i.e., the information needed to get the 
right number of independent constraints is encoded in the number of the constraints C 1 ab and "f 1 j ab only. Using this 
result and the previous one it is concluded that the total number of independent first-class constraints in Eq. ([7} is 
N{d a i) + N(D a u) + N(C ! ab) + N(-f IJ ab). Therefore, the number of local degrees of freedom in the configuration 
space is 

i {2 [iV(e J B ) + N(lu ij a ) + N(T' ab ) + N(R IJ ab )] - 2 [N(d a j) + N(D a u ) + NiC 1 ab ) + N(j IJ ab )] } = 0, (17) 

so the theory defined by the action (TT|) is topological. Note that the number of variables in e 1 a , denoted by N(e I a ), 
is equal to the number of equations in d 1 a , denoted by N(d ! a ), and so on. 

Finally, for spacetimes A4 n with n > 3, it is possible to use the equations of motion contained in the fifth and sixth 
rows of Eq. (|2|) and insert back into the action |T]) the expressions for <j>i and (f>u in terms of the fields cu 1 j, ipi, ipu> 
and e 1 to seek for an equivalent form for the action principle. However, this leads to the following result 

/ (-ly^d^jA^ 1 -De I )+^ IJ A(R IJ -R IJ (cu))}. (18) 

The fact that the Lagrangian n-form of the action |T]) can be written as the differential of a (n — l)-form is, in a 
certain sense, analog to the fact that products of curvature of type F(A) wedge F(A) are equal to the differential 
of the Chern-Simons Lagrangians. The difference between them and the current theory lies in the fact that in those 
cases the result is obtained without using any equations of motion while here some equations of motion were used to 
get (HE}. 

III. PARTICULAR TOPOLOGICAL FIELD THEORIES AND GENERALIZATIONS 

A. Particular theories 

By plugging T 1 — and R IJ = into the Lagrangian action |T} leads to the field theory 

S[u* j^AiM = [ [^iA(de I + iu I jAe J )+cj )I jA(duj IJ + u; I K Aiu KJ )], (19) 

which is well defined for spacetime manifolds A4 n with n > 2. Note that this action principle contains also BF theory 
with SO(n) or SO(n — 1,1) structure groups as particular cases. Using the results of Sec. HH it is easy to show 
that this action defines a topological field theory too 1 . The Hamiltonian form for the action ([19} . obtained through 



As far as we know, this is the first time the theory l|19| l is reported. With respect to this, in Ref. [TH an action principle for a 
two-dimensional theory was reported in Eq. (Al), which contains the action (19) as part of the action reported there. Nevertheless, 
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Dirac's method, is 



S 

n 



I '[7r a it 1 a +% a uu>" a -H]d n x, 
A J ff j + \ IJ G U + uj ab C' ab + u IJ abl IJ ab , 



(20) 



where now 



91 
Gu 

C 1 ab 
l IJ ab 



= V a -n a I « 0, 

= V a n a j j + i (7r a /eja - ^ a je Ia ) « 0, 

= Pae 7 b - P 6 e J „ « 0, 

= <9 a W /J 6 - 8 b UJ IJ a+U 1 Ka UJ KJ b - J Kb LO KJ a W 0. 



(21) 



A straightforward computation shows that the algebra of constraints closes so that the constraints (f2"Tj) are first class. 
Alternatively, from the constraint algebra of the Hamiltonian analyses for the two-dimensional, three-dimensional, 
and the generic theory developed in Appendices IA1 and iBl and in Sec. HU respectively, it follows that the constraints 
d a i, D a jj, C 1 abc , and j IJ abc can be dropped from the Hamiltonian form ^ in such a way that the constraints 
of the smaller set also close, so they are first-class constraints too. The constraints of Eq. (f2"Tj) are irreducible for 
two-dimensional and three-dimensional spacetime manifolds while the constraints C 1 ab and -f IJ ab become reducible 
for n > 4. Following the same procedure made for the analysis of the reducibility of the constraints performed in 
Sec. HI] it follows that the number of independent first-class constraints among C 1 a b and 7 /J ab is (n — 2) x N(gi) + 
(n — 2) x N(Gij). On the other hand, the constraints gi and G/j are always irreducible. Thus, the total number of 
independent first-class constraints in (f2Tj) is 

(n - 2) x N(gi) + {n - 2) x N{G U ) + N( 9l ) + N(G U ) = (n - 1) x N( 9l ) + (n - 1) x N(G U ), (22) 

which implies that the number of local degrees of freedom in the configuration space is 

I {2 [Nie 1 „) + N{uj ij „)] - 2 [(n - 1) x N( 9l ) + (n - 1) x JV(G/j)]} = 0, 



(23) 



which means that the theory (| is topological. 



B. Generalizations 



In the action principles (jU) , (JSJ) , and (p~9|) . studied in Sees. Inland [Til Al the group of local orthogonal rotations was 
taken to be SO(n) or SO(n — 1, 1), i.e., the one that corresponds naturally to n-dimensional spacetime manifolds. 
Nevertheless, it follows immediately from their canonical analyses that there is no need of restricting the analysis 
to that group in spite of the fact that the theories are defined on n-dimensional spacetimes. In fact, the group can 
be SO(m) or SO(m — 1, 1) with m ^ n. If this were allowed, the counting of the degrees of freedom would be left 
unaltered and the various theories would remain topological, the challenge would be the interpretation of the various 
fields involved only (see Sec. IIV[) . This feature is indeed very interesting and has implications on at least the following 
two issues: 

1. First of all, it is well-known that the freedom in the choice of the dimension of the group SO(m) or SO(m — 1,1) 
can be used to introduce "matter fields" that will interact with those degrees of freedom naturally living on 
n-dimensional spacetime manifolds (see Sec. IIVI for a concrete implementation of this idea, for instance). 

2. On the other hand, if m > n then the theories studied along this paper can be naturally coupled to other 
theories living on higher-dimensional spacetime manifolds M. m having SO{m) or SO(m — 1,1) as the group 
of local orthogonal rotations. From this point of view, the former theories might be interpreted as extended 



there the idea was to report the action (Al) as a whole thing defining a two-dimensional topological field theory and an analysis of their 
parts was not carried out. More precisely, the action (19) was not studied by itself (alone) in Ref. |ll| . Furthermore, it was not realized 
there that the action (19) was topological as it is done in this paper. Also, action (19) is defined for spacetimes with dimension 2 and 
higher, not just two-dimensional ones. 
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objects (strings, membranes, etc.) that can be naturally coupled and acting as sources for the fields of geometric 
theories living on higher-dimensional spacetimes M. m . In fact, following this way of thinking, in the context 
of nonperturbative quantum gravity, various two-dimensional topological field theories allowing the existence of 
"tetrad fields" (and therefore allowing either SO(3, 1) or SO (4) groups) living on a two-dimensional spacetime 
have been constructed out and coupled to four-dimensional BF theories The last models are conceptually 
different from and technically equal to those analyzed in Ref. where the coupling of (n ~ 3)-dimensional 
membranes to n-dimensional BF theory defined for a large class of structure groups was studied. On this matter 
see also Refs. [13|,ll4| as well as the previous results contained in Refs. [15lll6||. 

IV. ADDING LOCAL DEGREES OF FREEDOM 

Up to now, the paper has been focused in the analysis of various diffeomorphism invariant topological field theories 
that are per se interesting enough. Nevertheless, one might wonder about the relationship between them and theories 
with local degrees of freedom, such as general relativity or modifications of it, for instance. To be precise, the question 
is how to build theories with local degrees of freedom from the topological theories discussed in Sees. [TT1 and Hill This 
is the issue studied in this section. 

The easiest way of modifying the action principles discussed up to now, in order to build field theories with local 
degrees of freedom, is to use the canonical analyses performed in Sees. ITIland inTl and in the appendices. From them it 
follows that there are, essentially, three parameters at hand to generate local degrees of freedom: the number of phase 
space variables, the number of constraints, and the number of rcducibility equations. The main idea developed here is 
that by means of an appropriate handling of these parameters it is possible to get theories with a nonvanishing number 
of physical degrees of freedom. This process implies to get rid of the topological nature of the original theory to allow 
local excitations to emerge. Even though this way of generating local degrees of freedom is right from the Hamiltonian 
viewpoint, the challenge is that this procedure is covariant in the sense that it is associated to a Lagrangian action 
principle. 

In what follows it is shown that this is indeed possible and it is illustrated in two-dimensional spacetimes using the 
results contained in Appendix [XJ More precisely, this idea is implemented through the following steps: 

1. Take the Hamiltonian action principle given in Eq. (|A2j) . 

2. Take SO(2, 1) or £0(3) as the internal gauge group, i.e., even though the spacetime is two-dimensional, the 
gauge group is not SO(l, 1) or SO (2) but SO(2, 1) or SO(3). It has been shown in Sect. [Hl]that this is indeed 
allowed without destroying the topological character of the theory. 

3. Add the equation among the momenta 

nij-a£ IJK n K = 0, (24) 

where a is a constant. 
The key point is to realize that this relationship corresponds to a rcducibility equation 

Du-asuKd* -0, (25) 

among the constraints d 1 and Dij. In this way, the new theory has more reducibility equations than the original one 
(|A2j) . the counting is not balanced and the new theory is not topological anymore, it has 

1/2 [2 (3 + 3) - 2(3 + 3 + 3 + 3 - 3 - 3 - 3)] = 1/2 [2(6) - 2(3)] = 3, (26) 

local degrees of freedom. Even though this Hamiltonian way of generating degrees of freedom is correct, it remains 
to see that it corresponds to a Lagrangian action. This is really so, the corresponding Lagrangian action is 

Slw 1 j^^T^R 1 j,^] = f ^(de 1 +U 1 jAe J -T 1 ) + ae IJK <(> K (dw IJ + u 1 M Aw MJ -R IJ )] . (27) 

J M 2 

The field theory of the action principle (|27| is two-dimensional gravity coupled to additional fields. The contact with 
two-dimensional gravity is made through the usual identification /, J = a, 2 with a — 0, 1 (see Refs. [13, EH) 



= (<t> & ,<t>), 



(28) 
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where il ab is a two-dimensional Lorentz connection and d a is a two-dimensional local Lorentz frame; two-dimensional 
Lorentz indices a, b are raised and lowered with the metric (Vatj ~ diag (a, +1). Therefore, action (|27|) becomes 



5 = 



M 2 



fra *ie a + fetJ°Ae 2 - a T a + <j> (de 2 - i)a A e° - T 2 ) 



6 od2 



+a ^ e aS ii a6 (n) - a <\> e &h d a A d b - a e hi R ab - 2a s &h ^ d n $ a + 2a s &i ^ R 



(29) 



with e~; 



1/2 



£„r and R ab (Vl) = dil ab + il a g A Sl cb . From this expression it is clearly observed that the first, second, 



and fourth terms in the second row correspond to two-dimensional gravity (see Eq. (2.12) of Ref. Il8f ). The additional 
terms in (|29| give the explicit nonminimal couplings of the matter fields to gravity. Even though the terms in the 
action (f2"9"|) show the nature of the dynamical fields through their couplings, the particular dynamics of one of the 
matter fields involved can be illustrated even more from the equations of motion that follow from the variation of the 
action (|2"T|) with respect to e 1 



d(f) h + tf a <j> + n° ^ 

4>a = $a a d a <t>- 



0. 



(30) 



In fact, plugging the equation of the second row into the one of the first row of (f30l) leads to 



g afi d a d^ + a "dc^drf + 20 + tf a Q ft a 8 a ^%ct> = 0, 



(31) 



where g a/3 = i?„ "$ a P [ s the inverse of the induced two-dimensional metric g a p = d a a d b pi)~t. The expression for f2 ab M 
can be obtained from the variation of the action (|27|) with respect to <j>i , it is of the form Q ab M = r ab M + S ab M where 



r ab „ is the spin connection and S ab „ includes the contribution of matter fields. Note that Eq. (f3"Tj) is an extension 

of Eq. (2.28) of Ref. d because in that case ft ab 
Furthermore, by defining the fields 



M does not include S a ° M . 



■/3e 



(32) 



with 7-/3^0, the meaning of the action (|27|) becomes clearer due to the fact it can be cast in the equivalent form 



S[<A IJ fA IJ ,T I ,R I j,<t>i] = I 



M 2 

7" 



g 1 

27/3 



'7 



7 



1 



2/3/3-7 



2 7 /3 



iT 1 



(33) 



that involves two interacting BF theories sharing the "B field" ; the constant a in (|2"T|) is related to the constants 7 
and through a = q-^ , which has been chosen in order to eliminate the quadratic terms in both connections 1 A and 

P A that appear when the quadratics terms are recollected. Of course, it would be nice to try to get an equivalent form 
for the action (|27|) , (|29| or ([33]) of the model containing the true (physical) degrees of freedom only. However, that is 
not the point here; the point is to show that idea putting forward in this paper works, namely, that it is possible to 
build theories with local degrees of freedom from the original topological theory by means of a suitable modification 
that destroys its topological nature and that allows the emerging of local excitations. 

It is worth noting that the local excitations have arisen essentially by establishing some additional relations among 
the variables involved that were not present in the original topological field theory. Note, however, that the constraints 
were directly imposed on the fields involved in the model (</>/ and (ftu, in this case). Of course it is also possible 
to incorporate the constraints on the fields by introducing more auxiliary fields that impose these constraints, which 
would be much more in the spirit of the relationship between BF gravity and pure BF theory [20I l2ll I22I [23l. l24l. uEl |26| . 



V. CONCLUDING REMARKS 



A generalization of part of the results contained in Ref. [3j concerning Cartan's equations and Bianchi identities 
was presented. Contrary to the previous work, the current action principles for diffeomorphism invariant topological 
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field theories hold for arbitrary n-dimensional spacetime manifolds and involve auxiliary fields. It is worthwhile to 
mention that the connection u) 1 j involved in the action principles (JTJ) and ([3]) is not flat; its curvature is equal to the 
two- form field R IJ . This is a major difference between theories (JXJ) and ([3]) of this paper and pure BF theories. It 
was also shown that it is possible to use this theoretical framework to build a two-dimensional field theory with local 
degrees of freedom by imposing additional restrictions on the fields involved, destroying the topological nature of the 
original theory. It would be interesting to apply the same strategy in four-dimensional spacetimes to find alternative 
formulations for general relativity or modifications (generalizations) of it, just starting from the action principle ([T]) 
and constraining the fields suitably. This is left for future work. Because of the fact that the framework developed 
in Sees. [TTI and HTT1 is quite generic, it is natural to expect that it can also be applied to analyze general relativity in 
arbitrary finite-dimensional spacetime manifolds, in the sense of [27j . 

There are various topics that were not touched in the paper, but they deserve also to be explored, among these: 
(1) the interpretation of the auxiliary fields involved, (2) the relationship between this approach and the one of Ref. 
Q if the analysis of this paper is restricted to four-dimensional spacetimes, (3) the possible relationship between the 
various topological field theories reported in the paper with other topological theories, and (4) the inclusion of fermion 
fields in the current theoretical framework. 
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APPENDIX A: TWO-DIMENSIONAL THEORY 



The equations of motion that follow from the variation of the action {3} with respect to the independent fields are 

S<t>i : de 1 + w 1 j A e J - T 1 = 0, 
64>u : du) IJ + u 1 K A lu kj - R IJ = 0, 
ST 1 :<t>i=0, 
SR IJ : cj> u = 0, 

5uj ij : Dtfiu + - O/ej - <f>je r ) = 0, 

be 1 : D<j)i = 0. (Al) 
The Hamiltonian form of the action is 

S^i.w^i.Tr/.Trjj.A^A^.A'.A"] = J [me 1 1 + tt ij u J ij x 

-\' gi - \ IJ G U - tfdi - A IJ D U ] dx" A dx 1 , (A2) 



where 

gi := x i ttj - u> K uttk m 0, 

Gu := d x i%u - lo k n^KJ - u K jx-kik + ^ (^ieji - njeu) ~ 0, 
dj := 7rj ~ 0, 

D u := ttjj « 0, (A3) 

and the following definition of variables has been made: 717 := 4>i, "Ku '■= fiu, A 7 := — e 1 0, A /J := —uo IJ 0, A 7 := T 1 01, 
and A IJ := R IJ 01 • Smearing the constraints (|A3|) with test fields whose indices have the corresponding symmetries 
of the constraints 

g{a) := J dx 1 a I g T , G{u) := J dx 1 u IJ G IJ , d(a) := J dx 1 a I n I , D(U) := J dx 1 U IJ ir IJ , (A4) 
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and computing their Poisson brackets gives the nonvanishing ones 

{G(u),g(a)} = g(u-a), 

{D(U),g(a)} = d(U-a), 

{G(u),G(v)} = G([u,v}), 

{G(u),d(a)} — d{u-a), 

{G(u),D(U)} = D([u,U]), (A5) 

where (u ■ a) 1 := u IJ aj, (U ■ a) 1 := U IJ aj, [u : v] IJ := u 1 K v KJ - u J K v KI : (u ■ a) 1 := u IJ aj, and [u, U] IJ := 
u 1 kU kj — u J rU k1 . So, the 2 + 1 + 2 + 1 = 6 constraints in Eq. (|A3|) are first class. However, they are reducible 
because of the 2 + 1 = 3 rcducibility equations 

gi - d x idi + lo k nd K = 0, 
Gu-d x iDu + uj K hDkj + u* J1 D IK -~(dieji-dje n ) = 0. (A6) 



Therefore, there are just 6 — 3 = 3 independent first-class constraints in Eq. (|A3[) . because of the fact that there are 
2 + 1 = 3 configuration variables, the number of local degrees of freedom is \ [2(3) — 2(6 — 3)] = and so the action 
([3]) defines a topological field theory. 

In this appendix the structure group was taken to be SO(2) or SO(l, 1). Nevertheless, as it was explained in Sec. 
IIIIB1 the computation can be performed generically and it turns out that the theory remains topological for the group 
SO(m) or SO(m— 1, 1) in spite of the fact that the theory lives in a two-dimensional spacctime. This comment about 
the structure group also applies to the analysis carried out in Appendix [B] where the structure group was taken to be 
50(3) or 5*0(2,1). 



APPENDIX B: THREE-DIMENSIONAL THEORY 



The theory is defined by the action (jTJ) where the fields 4>i are three one-forms and 4>u are three one-forms while 
■0/ are three 0-forms, and tpu are three 0-forms, respectively. The Hamiltonian form of the action (jTJ is 

J [tt° je 1 a + n a uuj ij a + IT 6 / T / ab + IT" 3 U R IJ ab 

-AV - X IJ G U - A 7 a d a i - A /J a D a u - uih 1 - u u H IJ ] d 3 x, (Bl) 

where the definitions (in terms of the original variables) of the momenta are: ir a j := e ab <fiib, vr a u := e ab 4>ub, 
n ab / := ie ab V/, n afc /j := \e ab ^ u while the Lagrange multipliers X 1 := -e 1 , \ IJ := -uo IJ , A 1 a := T 1 0a , 
A IJ a :— R IJ Q a , uj :— —^(f>io, and ujj := —^ijo impose the constraints 

9I := V a Ti a ! ~ n Qb jR J Iab « 0, 

G u := V a ir a u + 1 (tt" /eja - n a je Ia ) + i (n ah z T Ja6 - n ab jT /afc ) + n ab JJf Rj K ab - U ab jkRj k ab « 0, 

cT 7 := vr a / + 2P 6 n ab / « 0, 

,D a 7j := n a u + 2V b U ab u + Il ab jejb - n ab je Ib ^ 0, 

h 1 := e ab (Pae 7 b - V b e* a - T 1 ab ) w 0, 

ff /J := e ab (d a u IJ b - d b cu IJ a + J Ka u; KJ b - J Kb cJ KJ a - R U ab) « 0. (B2) 

Some of the differences with the theory in two dimensions are the following: (1) there are now velocities of the fields 
T 1 o a and R IJ oa> (2) the new constraints h 1 and H IJ come from the fact that now (f>j and 4>u are one-forms. The 
3 + 3 + 6 + 6 + 3 + 3 = 24 constraints in Eq. (|B2[) are first class and reducible because of the 3 + 3 = 6 rcducibility 
equations 

V a d a j - 9I + ^e ab n ab jH J j = 0, 
V a D a u - G u + ~ (d a ieja - d a je Ia ) - X -e ab {U ab jh 3 - n ab jhj) + ^e ab {H K ^ KJ - H K jU ab KI ) = 0. (B3) 
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Because of the fact that there are 6 + 6 + 3 + 3 = 18 configuration variables, the number of local degrees of freedom 
is i [2(18) — 2(24 — 6)] = and so the action (TT|) defines a topological field theory. 
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